ABSTRACT. In this text we prove that if an abelian variety A admits of an embedding into the Jacobian of a smooth projective curve C , and if we consider Θ A to be the divisor Θ C ∩ A, where Θ C denotes the theta divisor of J (C ), then the embedding of Θ A into A induces an injective push-forward homomorphism at the level of Chow groups. We show that this is the case for every principally polarized abelian varieties.
INTRODUCTION
In the paper [BI] the authors were investigating the following question. Let C be a smooth projective curve of genus g and let Θ denote the theta divisor embedded into the Jacobian J (C ) of the curve C . Let j denote this embedding. Then the push-forward homomorphism j * at the level of Chow groups is injective. Also in this paper the author discussed about the push-forward homomorphism at the level of Chow groups induced by the closed embedding of some special divisors in the Jacobian J (C ), arising from finite, étale coverings of the curve C , see [BI] [theorem 4.1].
In this paper we investigate the following question for an arbitrary principally polarized abelian variety A . That is let A be a principally polarized abelian variety and let H denote a divisor embedded inside A. Let j denote this embedding. Then can we say that the push-forward homomorphism j * at the level of Chow groups of k-dimensional cycles (k ≥ 0) is injective? This question is affirmatively answered in the case when the abelian variety A is embedded in the Jacobian variety and we consider the divisor Θ ∩ A inside A, where Θ is the theta divisor of J (C ). This is exactly the case of Prym-Tyurin varieties, which are abelian varieties embedded inside some Jacobian variety, and the intersection of the theta divisor of J (C ) with A is linearly equivalent to some multiple of the Theta 0 Mathematics Classification Number: 14C25, 14D05, 14D20, 14D21 0 Keywords: Pushforward homomorphism, Theta divisor, Jacobian varieties, Chow groups, higher Chow groups. 1 divisor of A. Since any principally polarized abelian variety is a PrymTyurin variety of some exponent (see [BL] corollary 12.2.4), so for the principally polarized abelian varieties the above question about the injectivity of the push-forward homomorphism at the level of Chow groups of k-dimensional cycle (k ≥ 0) is answered, when the divisor H is the intersection of the abelian variety A with the theta divisor of the ambient Jacobian variety, where A is embedded.
Let A be a principally polarized abelian variety embedded into J (C ) for some smooth projective curve C . Let Θ be the theta divisor of J (C ). Then the embedding of Θ ∩ A into A induces an injective push-forward homomorphism at the level of Chow groups of k-cycle with k ≥ 0.
As an application we get that the embedding of the theta divisor inside a Prym variety induces injection at the level of Chow groups. We also show that if we start with an principally polarized abelian surface A and consider the corresponding K 3-surface, then the push-forward at the level of Chow groups induced by the closed embedding of the divisor coming from Θ ∩ A inside the K 3-surface is injective.
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ABELIAN VARIETIES EMBEDDED IN JACOBIANS
Let A be an abelian variety embedded inside the Jacobian of a smooth projective curve C . Let Θ C denote the theta divisor of the Jacobian J (C ). Consider Θ A to be Θ C ∩ A, and the closed embedding of Θ A into A, denote it by j A , then we prove that j A * is injective from CH * (Θ A ) to CH * (A).
To prove that first we show that the embedding of Θ C into J (C ) gives rise to an injection at the level of Chow groups. Although this has been proved in [BI] [theorem 3.1], here we present an alternative proof following [Co] which gives a better understanding of the picture when we blow up J (C ) along some subvariety (in our case finitely many points).
Theorem 2.1. The embedding of the theta divisor Θ C into J (C ) for a smooth projective curve C , gives rise to an injection at the level of Chow groups.
Proof. We use the fact that Sym g C maps surjectively and birationally onto J (C ) and Sym g −1 C maps surjectively and birationally onto Θ C . We have a natural correspondence Γ given by π g × π g −1 (Gr aph(pr )), where pr is the projection from C g to C g −1 , π i is the natural morphism from C i to
where
spectively. Then by projection formula it follows that
where j is the closed embedding of Θ C into J (C ). Now we compute the cycle
that is nothing but the collection of divisors
Therefore without loss of generality we can assume that elements in ( j × i d ) * (Γ 1 ) are classes of effective divisors on C of the form
so we get that either
is 1 follows from the fact that Sym g C maps surjectively
and birationally onto J (C ), and the computations following [Co] . Also here the Chow moving lemma holds for Θ C × Θ C , because it holds for Sym g −1 C ×Sym g −1 C with the cycles taken with Q-coefficients and the fact that f 1 is birational. So let
be the open embedding of the complement of
where Z 1 is supported on
C i . Now consider the following commutative diagram.
Here U ,V are complements of
respectively. Now suppose that j * (z) = 0, then from the previous it follows that
by the localisation exact sequence it follows that there exists z
By the commutativity and the induction hypothesis it follows that
Now we prove the following: Proof. We have a natural correspondence as previous, Γ given by π g × π g −1 (Gr aph(pr )) on Sym g C × Sym g −1 C , where pr is the projection from 
, this is because A is smooth and hence j is a local complete intersection. Now we compute the cycle
such that D 1 is linearly equivalent to
Here Γ ′ is the restriction of Γ to the scheme-theoretic inverse
Therefore without loss of generality we can assume that elements in (
such that
for all i or
for some i . Therefore we get that (
) is 1 follows from the fact that Sym g C maps surjectively
and birationally onto J (C ), and the computations following [Co] . Also here the Chow moving lemma holds for Θ A × Θ A by the assumption of the theorem. So let
by the localisation exact sequence it follows that there exists
The previous theorem gives rise to the following corollary:
Corollary 2.3. Let C → C be an unramified double cover of smooth projective curves. Consider the Prym variety associated to this double cover, denote by P ( C /C ). Consider the embedding of P ( C /C ) into J ( C ). Let Θ ′ be the pullback of the theta divisor on J ( C ) to P ( C /C ). Then the closed embedding Θ ′ → P ( C /C ) induces an injection at the level of Chow groups.
Proof. Let g be the genus of C . So by Riemann-Hurwitz formula the genus of C is 2g − 1. We have the following commutative square.
Then first of all the Prym variety is the image under θ C of the double cover P ′ of a projective space P g . This follows from the Riemann-Roch and the very definition of the Prym variety. Now consider the intersection of Sym 2g −i C with P ′ , where i ≥ 2. This intersection is smooth for a general copy of Sym 2g −i C in Sym 2g −1 C , in the following way. Consider the family
and the projection from U to C . Then U is a family of Sym 2g −2 C ∩ P ′ over C . Hence by Bertini's theorem for a general p, U p is smooth. Similarly we can prove that a general Sym 2g −i C ∩P is smooth. Hence we have the assumption of the Theorem 2.2 is satisfied, whence the conclusion follows.
Now we prove that if we blow up J (C ) at finitely many points and denote the blow up by J (C ) and let Θ C denote the total transform of Θ C , then the closed embedding of Θ C into J (C ) induces injective push-forward homomorphism at the level of Chow groups. Proof. Let us consider π to be the morphism from J (C ) to J (C ). Consider the correspondence (π ′ × π) * (Γ 1 ), where π ′ is the restriction of π to Θ C .
Call this correspondence
j is the closed embedding of Θ C into J (C ). Consider the commutative square.
This gives us that
where Y is supported on
where E is the exceptional locus of π and V is supported on (E ∩ Θ C )×(E ∩ Θ C ). So considering ρ to be the inclusion of the complement of
C i in Θ C and applying Chow moving lemma we have
Consider the following commutative diagram.
Here A = g −2 i =1 C i . Now suppose that j * (z) = 0. By the previous computation we get that ρ * (z) = 0, so by the localisation exact sequence we get that there exists z ′ in CH * (A) such that j ′ * (z ′ ) = z.
By induction CH * (A) → CH * ( J (C )) is injective. So we get that z ′ = 0 hence z = 0 giving j * injective. Now let A be an abelian surface which is embedded in some J (C ). Let i denote the involution of A. Then i has 16 fixed points. We blow up A along these fixed points. Then we get A on which we have an induced involution, call it i . Let Θ A denote the total transform of Θ A in A. Then the above discussion tells us the following. 
